Introduction
Random walk theory is at the root of an atomic description of matter transport in the solid state. Any particle following a path in which the direction of a step is independent of the direction of the preceding one is a random walker. In a crystal lattice (with coordination number z) the sites of which are occupied by a single atomic species, a vacancy performing first neighbour jumps follows a random walk because the probability of performing a jump in any direction is always 1/z. Its average quadratic displacement after 'n' jumps of length 's' is given by the random walk result Conversely a substitutional atom occupying a lattice site is not a random walker: most of the time it can move only if it exchanges its position with a first neighbour vacancy. After a first exchange jump along some direction, the vacancy sits in the proper location to make the same atom perform immediately a reverse jump. From the point of view of the atom, this backward jump has a probability of occurrence different from 1/z and larger than that attached to a jump in any other direction. This memory effect, due to the geometry of the jump mechanism, induces a correlation between the directions of two successive jumps of the same atom: this is the reason why the pure random walk theory had to be corrected. 2 The average quadratic displacement of the atom after 'n' jumps is written as 2 2 R f ns = . The correlation factor f is a correction for the non-randomness of the displacements and is always smaller than unity for a vacancy mechanism. An abundant literature has been devoted to the evaluation of correlation effects since the fifties of the last century: a lot of approximate or exact results were produced, according to the methods at work and the cases which were examined for various diffusion mechanisms, namely, vacancy, interstitial and intersticialcy ones (see for instance a review article 3 giving an excellent survey of the state of the art at that time).
The most simple case ever studied is the diffusion of a tagged atom called 'the tracer' moved by a single vacancy in an infinite crystal lattice. The chemical nature of the tracer can be identical ('self diffusion') or different ('solute diffusion') from that of all other atoms. In both cases the calculation of the correlation effect boils down to evaluate the return probabilities 
where P is the total probability of performing the next tracer jump and Q the average cosine between two successive tracer jumps; the summation runs over the set of first neighbour jump vectors { }
1V
ω .
The probability P is smaller than unity for 3D lattices. The total number of tracer jumps performed with the help of the same vacancy is 2 1 ... 1/ (1 ) n P P P = + + + = − and the random contribution to the quadratic displacement of the tracer is given by (1 ) (1 )
At the start, only approximate values of the return probabilities were available, taking into account only a limited number of vacancy jumps. 2 A further extension took into account all the trajectories made of an arbitrarily large number of defect jumps, provided they were entirely contained in a small spherical volume V around the tracer (matrix methods 4 ): the implicit assumption was that a vacancy stepping out of V through some exit site was considered to be lost for the correlation problem; as a consequence any further return into V was considered as independent from the location of the exit site. The most interesting feature of the matrix methods was the production of analytical expressions of the correlation factor as a function of the vacancy jump frequencies in volume V. For spare of tractability however, the volume V was always restricted to the first and, in some cases, second neighbour shells. Further improvements (extended matrix methods 5 ) took an approximate account of defect trajectories outside V.
On the other hand a small number of exact values for correlation factors were known as by-products of the random walk theory (see an excellent and thorough review 6 ): namely, for diffusion by the vacancy mechanism in a 2D square lattice ( )
− . 7 A clever electric analogy of the atomic transport with the vacancy mechanism found also 1/ 3 f = in the 2D honeycomb lattice and 1/ 2 f = in the 3D diamond lattice. 8 Integral methods taking explicitly into account the whole lattice appeared only later; although they rest on different treatments of the transport equation, namely Green functions, 9 double Laplace and Fourier transforms, 10 random walk generating functions, [11] [12] they yielded as expected the same final result as a function of elliptic integrals. If some of them are known analytically, the majority has of course to be evaluated numerically. Former exact results were recovered together with the discovery of a new explicit value of the correlation factor in a 2D triangular lattice ( ) ( ) 6 3 / 11 6 3 f π π = + − . 9 The interest of integral methods is to yield exact values of correlation factors and to express the numerical coefficients entering the approximate expressions established earlier as combinations of lattice integrals. The exact values of correlation factors obtained in this way are systematically lower than all those obtained previously: indeed, dropping the contribution of defect trajectories which leave the volume V produces an under-estimation of the correlation bias, hence an over-estimation of the correlation factor. But in many cases, they confirmed the quality of the results previously obtained by the extended matrix methods.
Looking back over the path followed during the half past century, a considerable evolution shows up today. Indeed, the way of tackling the problem of matter transport in solids is undergoing a complete reversal.
* Formerly, macroscopic diffusion experiments together with direct measurements of vacancy concentrations were the only way to gain some information about the microscopic description of the jump mechanism and jump frequencies at atomic scales: they were smartly combined to deduce properties of the metallic systems which were out of reach of direct measurements. [13] [14] [15] [16] [17] [18] As a result, values of vacancy jump frequencies in the close neighbourhood of solute atoms were proposed for a number of FCC 19 and BCC 20 metallic binary systems. However the experiments quoted above did not yield the jump frequencies themselves, but only a few ratios of them. Indeed the measured quantities are not fully independent, a fact which can be traced back in their analytical expressions which use the same combinations of frequencies. As a result, even the simplest models had frequently to be downgraded with further simplifying assumptions to make their best from the small number of independent measurements. * Today, the improvement of ab-initio methods and the availability of computational codes have definitively converted sophisticated calculations into (nearly) routine tasks. The atomic parameters, which were formerly the ultimate quest of macroscopic measurements, are now calculated with a rather high level of confidence and have taken the place of the input data to be plugged into the modelling, which is in charge of evaluating macroscopic fluxes during phase transformations. This trend reversal enlightens the fact that the today available analytical models have to be extended in order to incorporate a thorough atomic description of transport. For instance the modelling of the past was never formulated for a solute-vacancy interaction range extending beyond the second neighbour shell, for sake of analytical tractability; recent ab-initio results did show however that solutevacancy interactions extend often well beyond, 21 or exhibit a pattern of frequencies which cannot be inserted into the simplifying assumptions of previous modelling. 22 The present contribution addresses the problem of tracer solute diffusion via a vacancy mechanism in FCC and BCC lattices and calculates the return probabilities with integral methods for an arbitrary range of vacancy-solute interactions. The paper is organized as follows:
* the first part is devoted to recall the main features of the method at work, which was illustrated in previous publications; 10, 23 * the second part shows how to reduce the size of the problem with the help of symmetries;
* the third part examines the case of the so-called five-frequency model in a FCC lattice as a benchmark test; * the fourth part proposes a formal expression of the solution for an arbitrarily large interaction range. Apart from numerical coefficients given by lattice integrals, which can be calculated once for all, the final step is the numerical solution of a system of linear equations. Model cases are examined, encompassing oscillating of monotonous interactions over longer distances than those studied before; * the fifth part applies the general method to systems recently studied; * appendices deal with details of analytical calculations and/or numerical results. Appendix A gives some hints on the general formalism. Appendix B reformulates an exact result previously obtained for the so-called five frequency model. Appendix C gives a brief description of the computational Fortran code which has been used throughout this work. Appendix D details relationships between lattice integrals for FCC and BCC lattices.
The method at work
The method consists in writing down a transport equation for the function ( , ) L r t which stands for the probability of finding the vacancy on site r at time t. In the bulk, i.e. far from the tracer atom, the time derivative is simply given by a balance between ingoing and outgoing contributions to the vacancy probability on site r:
where O W stands for the vacancy jump frequency in the bulk material and the summation runs over the first neighbour jump vectors { }
1V
This general expression must then be corrected in order to take into account specific sites, i.e. sites with properties departing from those of a bulk site:
* the origin denoted hereafter 0 R is a special site which plays the role of a sink: any trajectory of the vacancy passing through the origin lets the tracer perform a second jump and makes an end of its contribution to the correlation effect. Therefore the outgoing jump frequency from the origin is set to zero and the first neighbour sites of the origin receive no contribution from the origin; * for all lattices sites lying inside the range of the solute-vacancy interaction, some (or all) of the outgoing or ingoing frequencies depart from O W . These sites, named above specific sites, are denoted by i R (i=1,N). For each specific site (origin included), a () δ operator is introduced to add a corrective term which modifies the general balance written above; * the vacancy starts from site 1 −ω which is a first neighbour site of the origin occupied by the tracer atom, since this site is the location of the vacancy after its first exchange with the tracer. The initial condition of the transport equation reads then
The complete transport equation reads now:
The second line includes all the corrections for specific sites and uses two summations in series: * the first summation scans all the specific sites; * the second summation runs over the first neighbours of the specific site j R :
if the vector operators in series, the internal summation runs only on those sites for which at least one of the outgoing or ingoing frequency differs from O W .
Laplace and Fourier transforms of the transport equation
The sought after return probabilities can then be written as time integrals: 
We define the Fourier transform and its reverse by
FL k t e L r t L r t e FL k t d k V
where the exponent kr stands for a scalar product, the summation runs over all lattice sites and ZB V is the volume of the first Brillouin zone. The Fourier transform of the initial condition is
In what follows, we will also have to make use of the identity : 
and the reverse Fourier transform applied to the doubly transformed function reads :
After performing the Fourier and Laplace transforms, Eq. (4) becomes :
where
It is worth noticing that none of these quantities j LL will raise any problem if 0 p → , but that attached to the origin, namely 0 LL . Indeed, the probability which accumulates on the origin is a monotonously increasing function of time with an horizontal asymptote. Its Laplace transform behaves like 1 / p and will require a special handling as explained later.
Formal expression of the return probabilities
The doubly transformed function ( , ) FLL k p is easily extracted from Eq. (10) and its reverse Fourier transform yields the probabilities on any desired site
Using the shortened notations
we obtain a set of N linear equations which reads
where index l runs over the N specific sites. The attention of the reader is drawn on the fact that the above formulation did not gather together all the contributions entering the coefficient of the quantity l LL , and, as is, cannot be used straightforwardly to solve the linear system. In addition a further handling of the double summation has to be performed. We show in Appendix A that the presence of the unknown O LL , which diverges when 0 p → , does not raise any difficulty when solving the linear system. 
Reduction of system size thanks to symmetries
where , , 
* instead of calculating the correlation factor along an arbitrary axis, we evaluate it along a principal axis of the diffusion tensor. 25 For cubic lattices, a convenient principal axis is <100>, taken afterwards as the x-axis. As a consequence only the x-components of the jump vectors are to be considered. With our choice of unit vectors, the average cosine Q introduced above in Eq. (1) 
As a consequence, the plane x=0 becomes a mirror symmetry plane, all sites of which (origin included) have a zero occupancy probability. All the unknowns attached to specific sites located on plane x=0 disappear from the equations, O LL included. In the same way the occupancy probabilities on mirror sites have opposite signs . The defective sites in each subset will also be represented by the representative site of the subset; its coordinates 1 2 3 ( , , ) i i i comply with the condition 1 
where the summations run only on the components { } 2 3 , l l l of the vectors belonging
Their analytic expression depends on the value of 2 3 , l l and reads formally:
Grouping altogether the correction terms which bring contributions of equal magnitude and taking advantage of the mirror symmetry plane, the transport equation becomes
where the first summation runs now on the number of subsets and the second summation with index kVj running only on those subsets 'k' which can be reached from subset 'j' in one jump. This neighbourhood relationship between subsets is stored in a variable j k nlien → which is the number of sites of subset 'k', which can be reached in one jump from a given site of subset 'j'. Hence the expression of the doubly transformed function where p has been set to zero:
and where reduced frequencies
Grouping altogether the terms related to each unknown yields the formal result
where the ( ) 
we perform the average on all the sites belonging to { } 
where j n + , j n − stand for the number of sites in subsets j R + , j R − and j j j n n n
Hence the final system of 1
Illustration on the case of the five frequency model for the FCC lattice
The range of the vacancy-solute interaction is limited to the 1 rst neighbour shell. A site of the 1 rst neighbour shell is first neighbour of sites in the 4 th neighbour shell at most. The subsets must thus be defined for sites belonging to the first 4 neighbour shells.
Defining the subsets
Sites belonging to the mirror plane are considered first and grouped into the subsets { } { } { } The mirror symmetry together with the four-fold axis induces the following relations among the unknowns:
The five unknowns to be determined are Table 1 below. 
Defining and naming the vacancy jump frequencies
The link between the present notation, which uses jump frequencies between subsets, and the standard formulation which uses jump frequencies between neighbour shells, must be established. It is detailed below in Table 2 . The first four lines pertain to the four subsets contained in plane x=0; the next five ones pertain to subsets on the positive side of the x-axis. 
Ingredients of the general formulation and result
In Appendix B, expressions (B1-B5) for the corrective terms appearing in the transport equation and corresponding to subsets S 4 
The system of equations is explicitly displayed and formally solved in Appendix B. When recast into its usual form, the correlation factor * B f for solute diffusion reads 
General formulation for the case of solute-vacancy interaction of arbitrary range
As a result of the preceding section, it is clear that going beyond a first neighbour interaction becomes rapidly an unattractive task of tremendous complexity and widely open to errors. This is the reason why an automatic investigation of subset neighbourhoods was set up: the Fortran code in charge of this task is briefly described in Appendix C. In the latter it is explained how an automatic generation of the subroutine devoted to the calculation of lattice integrals avoids the building of a sparse matrix. The program then performs the numerical calculation of lattice integrals, solves the linear system yielding the desired return probabilities of the vacancy and evaluates the final value of the solute tracer correlation factor.
Universal notation for lattice integrals
For a reason detailed also in Appendix C, an alternative notation of functions i f or i F must be adopted in parallel. If a unique index i is highly desirable for an automatic enumeration of subsets, its value is obviously linked to the order in which subsets are scanned and this order is changed when extending the range of the interaction. This is the reason why we will also name the function i f attached to subset { } These integrals will be alternatively named 
Defining a complete set of jump frequencies
The reference state of the system corresponds to the configuration where a solute tracer atom sits on the origin and the vacancy is far away in the bulk; the vacancy formation free energy is denoted 0 0 E TS − . When the vacancy is brought into a neighbour shell j of the solute tracer atom, the free energy of the system becomes 0 0 ( )
The knowledge of the free energy changes j j E TS − defines necessary conditions to be satisfied by the inward/outward jump frequencies on/from shell j to shell k . We denote the frequencies by
where B k and T stand for the Boltzmann constant and absolute temperature respectively,
for the saddle energy with an atom at the saddle point between shell j and k . To comply with thermodynamical consistency, the back and forth frequencies must obey the detailed balance
The ratio of the pre-exponential factors ,
In the absence of any thorough ab initio evaluation of all the required quantities, further simplifications are made in practice:
* in most calculations, only the energy change which is linked to the formation energy in various shells is determined; the entropy change is ignored and the preexponential factors , j k k j → → υ υ must then be taken as equal. Only the pre-exponential factor 1 0 → υ for the solute-vacancy exchange, which involves a foreign atom, is set to a different value;
* if detailed balancing imposes some constraints on the frequency ratio of direct and reverse jumps, it gives however no information on the way how to choose the absolute height of the saddles
To complete the missing quantities, two models are generally proposed: * in model I, the energy of saddle configurations for jumps among the interactive sites is taken as a constant
This implies that all the outward frequencies from a site with interaction energy j E towards any other site with k E have a migration barrier given by
which depends only on the strength of the interaction at the departure site. When applied at large distances from the solute, model I requires for consistency
where 0 M E stands for the migration barrier in the bulk; * in model II, the energy of the saddle configuration is given by
As a result, the migration barrier from site with j E towards site with k E is given by
which depends on the interaction energies at the departure and arrival sites. For the reverse jump, the migration barrier is given by
When applied at large distances from the solute, model II requires for consistency 
Quantitative exploration of general models I and II
To explore quantitatively the implications of the above models, we chose an interaction, the absolute value of which decreases linearly with distance and vanishes between the 5 th and 6 th neighbour shell: . These values, although arbitrary, lie in a reasonable range for many metallic systems. The absolute temperature is arbitrarily fixed to 500K.
The interaction will be called attractive if 1 0 E ≤ and repulsive if 1 0 E ≥ , regardless of the sign of the interaction at farther distances. To sweep all possible cases, the '+' and '-' signs will be used for the interaction energies beyond the first neighbour distance: *case '+++++' stands for a monotonic repulsion at all distances and corresponds to *case '+----' stands for a repulsion at first neighbour distance followed by an attraction at larger distances, i.e. 
The repulsive/attractive case will then encompass 16 variants. The diagram of neighbourhoods displaying sites and saddles is shown for an interaction range extending up to 5 th shell in BCC and FCC lattices (Fig. 1) . The value enclosed in each circle is the solute-vacancy interaction energy j E , which is set equal to zero if beyond the interaction radius. Arrows in closed loop correspond to jumps performed between sites belonging to the same shell, a situation which is encountered only in the FCC lattice (Fig. 1b) . 
Model I:
The results displayed on Fig. 2 are obtained with ∆ =1 eV. The striking fact is that the correlation factor is a constant (i.e. the results coincide within 12 digits) which does not depend on the range and on the signs which are retained for the interaction at 2 nd to 5 th neighbour distances.
Fig. 2. Solute correlation factor as a function of the interaction range in BCC (circles) and FCC (diamonds) lattices for solute-vacancy interactions of model I at 500K: a° attraction at first neighbour distance; b) repulsion at first neighbour distance.
For the diagrams shown above in Fig. 1 , the values of the energy barriers for the jump frequencies W 11 , W 33 , W 55 , which link sites belonging to the same shell, were chosen in order to comply with the rule of model I, i.e. set equal to monitors the occurrence of the second jump and fixes the value of the average product <x 1 x 2 >) links the return probability of the vacancy on the first neighbour shell to the return probabilities on farther sites. For model I, the cross-coefficients M ij (i≠j) of the first equation are all equal to zero and the coupling with the other unknowns of the problem disappears. 
. This is easy to establish formally (Appendix D). This identity is supplemented by three other ones, all of them being displayed in Table 3 below. It is obvious that other relationships do exist, but they will modify only the links between more distant return probabilities and will not alter further the correlation factor.
The same work can be done for the BCC lattice; in the latter, five identities are found because the 1 rst neighbour shell is connected though a jump with the 5 th neighbour shell. The relationships are gathered in Table 3 . We keep mentioning the structure of the underlying lattice to avoid a misleading interpretation of the notations. ijk F has an analytical expression which depends only on indices 'I', 'j' and 'k' and is obviousy independent of the lattice structure (for instance 200 F which is used in both lattices * in all cases (attractive or repulsive), choosing the interactions at farther distances to be all attractive yields larger correlation factors than choosing them all repulsive. The upper envelope corresponds to the case '± ----' and the lower one to '± + + + +'; * mixing attractive and repulsive interactions ends up with a correlation factor lying always in between these envelopes: the sooner the sign change, the larger the compensation between the repulsive and attractive interactions. The oscillating cases '-+ -+ -' or '+ -+ -+' provide final results which are nearly equal to the result obtained with an interaction at first neighbour only; * at each step, adding a further interaction with the '+' or '-' choice always produces a splitting of the subsequent results, that obtained with the '-' sign being always larger than the one obtained with the '+' sign. Beyond the third neighbour shell, the final hierarchy of results displays always the alternation '+-+-….' from bottom to top. The only exception is the cross-over of the curves obtained in the two structures when extending the interaction from 2 nd neighbour distance to 3 rd neighbour distance.
Fig. 3. Solute correlation factor as a function of the interaction range in a BCC lattice for solutevacancy interactions of model II at 500K: a) attraction at first neighbour distance; b) repulsion at first neighbour distance. Lines are drawn to guide the eye along the sequence of interaction signs.
The general conclusion is that a thorough knowledge of interaction energies and migration barriers up to 3 rd neighbours at least is mandatory to know the correlation factor and, as a consequence, the solute tracer diffusion coefficient with a reasonable accuracy. The reader should remember that this conclusion was obtained with interaction energies which decrease with distance, a feature which is not always exhibited in actual systems. 21 Let us notice first that the migration barriers of Table D.2 21 are not consistent with the solute vacancy interactions displayed on Fig. D.1 . In Table 4 below, the first column reports the interaction energies which can be read on the diagram (set to zero beyond the 5 th neighbour shell); the second column reports the migration barriers from/to a first neighbour site; the third column contains the corresponding height of the saddle points which can be deduced by adding the two first columns. Saddle energies should be equal for direct and reverse jumps, i.e.
Fig. 4. Solute correlation factor as a function of the interaction range in a FCC lattice for solutevacancy interactions of model II at 500K: a) attraction at first neighbour distance; b) repulsion at first neighbour distance. Lines are drawn to guide the eye along the sequence of interaction signs.

Examination of several results formerly published in the literature
Ni-Cr alloys
feature which is not observed. Migration barriers are less precisely evaluated than energies in stable positions and the authors estimate the error to be less than 0.035 eV. This is reason why we kept the original values of interaction energies and corrected for consistency only the saddle energies by quantities which never exceeded ±0.02 eV. The corrected values are written in red in the fourth and fifth columns.
Values for bulk and solute-vacancy migration barriers, together with the values of pre-exponential factors are kept to the original values: 
Fig. 6. Diagram of saddle energies for Ni(Cr) alloys for the full interaction range up to the 5 th shell; original values by Tucker are written in black; values completed with model II are written in red.
Reducing the range of the interaction is performed in the frame of the two models as follows:
* for model I (Fig. 5) , the reduction from 5 th to 4 th neighbour interaction is carried out through setting 5 0 E = . As a consequence, the migration barriers for all the outgoing frequencies from a site lying in the 5 th shell become equal to 1.09 eV instead of 1.09 eV -0.011 eV …etc; * for model II (Fig. 6 ), setting 5 0 E = modifies the saddle energies 5
S i
E ↔ for i=2,3,4,5,7,8,9,10. As above, the corresponding migrations barriers for the outgoing frequencies from a site lying in the 5 th shell become equal to the corresponding new
The results are displayed on Fig. 7a . All the trends observed with the general models are present: * a constant value for model I; * oscillations in agreement with the sign of the next shell included in the interaction for model II, namely the sharp drop when adding the repulsive interaction at 3 rd neighbour followed by the rise due to the addition of an attractive 4 th neighbour interaction. The value obtained with the migration barriers retained by Tucker for the fivefrequency model, and which is inconsistent as explained above, namely 
The overall change is of the order of 8%, i.e. not very large but noticeable. 21 The same observations as above can be made on the inconsistency of the published data for migration barriers. The corrected values are recalled below in The results are displayed on Fig. 7b and the same trends as above are observed. The value obtained with the (inconsistent) choice of migration barriers by Tucker for the five-frequency model, namely 12 E E E = = = = = = is also plotted for comparison. The overall change is of the order of 10%, i.e. not very large but noticeable. (Fig. 8) . The retained values for the pre-exponential factors are The correlation factor for Si* tracer at 1000 K changes only from 0.26906 in the first case to 0.27106 in the second case. We can also evaluate, in the frame of model I and II, the correlation factor for Si* tracer in Ni, if only the interaction energies were known, while keeping 11 S E and 10 S E equal to the published value of 0.903 eV and 0.891 eV respectively. The saddle energies which were written in black in Fig. 8 In the case of Ni(Si) alloys, the overall change is detectable but remains small, thanks to the fact that nearly all the necessary frequencies were previously determined. 22 The original ab-initio results for interaction and migration energies are displayed in the first two columns of Tables 6-7. Interaction energies are not given beyond the 2 nd neighbour shell. Two different ways of exploiting these data are explored hereafter:
Ni-Fe alloys
Fe-Cu alloys
* starting from the published interaction and migration energies, saddle energies can be deduced, which have then to be slightly corrected for consistency. Namely 1 2 1 3 1 5 2 4 , , ,
↔ are averaged to 0.507, 0.566, 0.518 and 0.576 eV respectively, which modifies slightly the corresponding migration energies. The corrected values of saddle and migration energies are reported in red in columns 4 and 5 of Table 6 ; * conversely original migration barriers and saddle energies can be kept as is (or nearly so, apart from the necessary correction for 1 2 S E ↔ ), but additional interaction energies at 3 rd , 4 th and 5 th neighbour shells are introduced in order to comply fully with the values of the migration and saddle energies, namely, 3 0.013
, which are slightly repulsive but the last (Table 7) .
For all quantities which are not calculated in the original paper, model II is used throughout with 0 0.68
Pre-exponential factors and migration energies for Fe and Cu are kept as is: Reducing the range of the interaction from 5 th to 4 th , 3 rd and 2 nd neighbour is performed by successively setting the corresponding interaction energies to zero and restoring progressively the saddle energies 5 1 4 2 3 1 , ,
to their average values i.e. 0.518, 0.576 and 0.566 eV respectively.
In agreement with the trends highlighted in the general models, the positive 3 rd and 4 th neighbour interaction decrease the correlation factor from 0.5188 down to 0.5111; the 5 th neighbour interaction is negative and increases the result up to 0.5127. At last the value obtained in the frame of a five-frequency model, although not perfectly suited to the BCC lattice, was also calculated for comparison. Taking into account only the interaction at 1 st neighbour distance, the dissociative frequencies 
Conclusion
A formalism using a double Laplace and Fourier transform of the transport equation for the vacancy yields the return probabilities of the vacancy in the close vicinity of the tracer atom in the presence of a solute-vacancy interaction of arbitrary range. Studying model cases in order to enlighten basic trends, the conclusions can be stated as follows:
* taking into account the full range of the solute-vacancy interaction may bring noticeable changes to the value of the solute correlation factor; * the looser the structure, the larger the change which will be directly reflected in the value of solute diffusivity; * the solute correlation factor depends very tightly on the pattern of the jump barriers which is chosen to describe the vacancy jumps in the vicinity of the solute atom; * taking into account the interaction up to the 3 rd neighbour shell is mandatory to obtain the solute diffusivity in BCC and FCC structures with a good precision.
If a thorough ab-initio evaluation of all these barriers is highly desirable, it is unfortunately rarely available in former publications. It was shown that approximations often used to overcome this lack of information must be chosen with care. A model case was even found in which the correlation factor turns out to be independent of the interaction range.
The examination of dilute systems recently studied shows that, in agreement with the general models, the interactions in the first three neighbour shells dictate the final value with a good precision. The main improvement of the modelling comes from dropping the restrictive assumption which imposes an equal value to the jump frequencies which dissociate the vacancy-solute pair in 1 st neighbour position.
Appendix A: Special handling of
O LL
We start from Eq. (13) established in the main section:
In the left hand side, we extract the only contributions containing 0 LL . The first one is provided by 0 j R = . In the square bracket a contribution is brought whenever 1V ω points towards a specific site; it happens z times, since the z first neighbour of the origin are specific sites, thus giving rise to z equivalent terms:
The second contribution is provided by the specific sites which are first neighbours of the origin { } { } ω such that
The only term remaining after summation is O O pI LL in which the 'p' factor cancels out the divergence of O LL at 0 p = .
In all other equations used to define other probabilities for 0 l ≠ , the contributions are provided by the same values of the subscripts. The first term provided by 0 j R = is :
The summation in the numerator of the integral is nothing but the denominator apart from a constant term: 
In the same way, the formal expressions of other corrective terms are given below, together with the formulations using the notations of the standard model. 
or { } The matrix of coefficients for the linear system, together with the column of right hand sides, is displayed in Table B2 below. Further examination of the ingredients entering the vanishing coefficients a_tot (1,3), a_tot(1,4) , a_tot (1, 5) in the output files 'FCC_syslin_coeff_08_10', 'FCC_syslin_coeff_08_11', 'FCC_syslin_coeff_08_12' respectively shows that the above situation is still encountered, which yields three other identities. For all of them it can be checked that the difference between the two numerators can be divided by 4 ; 9≡(311) 4 ; 10≡(222) 5 ; 11≡(400) 6 ; 12≡(133) 7 ; 13≡(313) 7 ; 14≡(204) 8 ; 15≡(402) 8 ; 16≡(224) 9 ; 17≡(422) 9 ; 18≡(115) 10 ; 19≡(333) 10 ; 20≡(511) 10 .
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The output files to be examined are 'BCC_syslin_coeff_xx_yy' with (xx, yy)= (5,6), (5,7), (5, 8) , (5, 9) , (5, 10) Of course, similar linear relationships do exist between integrals of higher indices; but they can no longer alter the value of the return probability on the first neighbour shell.
